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Envelope Function—A Tool for Analyzing Flutter Data
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In this article a new tool for flutter clearance is presented and a preliminary assessment of its capabilities
undertaken. It is intended to be complementary to other approaches. The method is based on quantifying the
change in the shape of the decay envelope associated with control pulse responses or impulse response functions.
An indication of overall stability is obtained without curve fitting by way of a shape parameter which cjuickly
shows whether there has been any significant change since the last test point. In addition, the envelope functions
can be overlayed from different speeds. The method is illustrated with data from a simulated aeroelastic model
of a multiengined transport aircraft, and the effects of turbulence are considered. Finally, the method is
successfully applied to real flight test data.

I. Introduction

F LIGHT flutter tests are carried out on prototype versions
of new or significantly modified commercial and military

aircraft in order to demonstrate freedom from flutter over the
entire flight envelope. Often substantial wind-tunnel flutter
testing is also carried out. Flutter clearance can be very costly
and time-consuming, and proceeding to the next speed or
Mach number is not without some risk, given the complexity
of the flutter phenomenon and data corrupted by the response
due to turbulence, etc.

At each test point the clearance process is usually to mea-
sure the dynamic response of the aircraft to a control pulse
(or "jerk"), to a deliberately imposed excitation such as a
chirp by way of the control surface or an inertia! exciter, or
to the natural turbulence excitation. An adequate level of
stability may initially be assessed by a subjective visual in-
spection of time histories, but often the measured data are
used to obtain frequencies and dampings of the "modes"
present by means of some form of curve fitting. Trends of
the variation of frequency and damping with speed or Mach
number for each mode are then observed in order to see if
the damping is likely to become significantly smaller before
the next test point. The curve-fitting process can be extremely
difficult, particularly if the signal-to-noise ratio is poor and/
or there are modes with very closely spaced frequencies as
on an aircraft with multiple engines or stores. Thus, while the
use of trends is objective, the quality of results can occasion-
ally mean that some subjectivity can creep into the clearance
decision.1-2

Since considerable weight is often placed upon visual in-
spection of time histories, and since sometimes only control
jerk responses are available (as when testing an aircraft vari-
ant), it would perhaps be useful to have a somewhat more
objective measure of the stability associated with a particular
time record.

In this article a new tool for flutter clearance is proposed
to complement existing approaches. The aim is to compare
the envelopes of time decays as speed or Mach number is
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increased by inspection and by way of a simple stability pa-
rameter. Many transducer responses could be considered
quickly prior to any attempt at curve fitting and a "feel" for
any change in overall stability gained. A further application
of the technique may be the analysis of aeroelastic transients
calculated by many computational fluid dynamics (CFD) codes.

II. Obtaining the Decay Envelope
Given a decaying response which is the superposition of a

number of damped sinusoids, the obvious way of obtaining
the envelope of the decay is to search for successive maxima
and minima and to join up the peaks and the troughs. This
process only gives discrete values on the envelope which is
disadvantageous if the decay has very few cycles. Also, a lot
of small local peaks due to the presence of high-frequency
noise can obscure what is happening.

An alternative approach is to construct the envelope func-
tion using the Hilbert transform,3'5 which allows a signal to
be generated for which every component is in quadrature with
the measured decay at all frequencies within the measurement
range. Let the measured decay by y(t) and let the Fourier
transform of y(t) be Y(/o>), so that

= F[y(t)] = (1)

where F[ ] denotes the Fourier transform. Now the Hilbert
transform yH(t) may be defined in the time domain as

= I f + ~ yfr)
77 J—— t ~ T

dr (2)

or

yH(f) = XO*(iM (3)
where * indicates a convolution in time. Noting that

F(l/7rt) = - i sgn a) (4)

where sgn o> = + l(w > 0) or - l(o> < 0), then the convolution
may be expressed as a frequency domain multiplication, namely

=-F[y(t)]F(l/irt)

= Y(io))(-i sgn a/)

Thus

yH(t) =

(5)

(6)
785
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where F~l is the inverse Fourier transform. It is most straight-
forward to obtain yH(t) by way of the frequency domain,
noting that for co > 0 then Eq. (6) becomes

XIB2 HUBERT TRANSFORH

yH(t) = (7)

At a) — 0, the frequency domain function is constrained to
be real, so effectively, sgn co = 0 at a; = 0. Thus, a simple
transform, rearrangement, and inverse transform will yield
yH(t), a signal whose frequency components differ from those
in y(f) by 90 deg in phase. If, for example, a single degree-
of-freedom decay is

y(t) = ^ sin a>dt

where a is the decay rate and a)d the damped natural fre-
quency, then it may be shown analytically that for small damp-
ing

yH(f) = -Ae~at cos a)dt

Now consider forming a complex time function as

y(f) = y(t) + iyH(t)

where the modulus of this function

\y(t)\ = [y(t)2

(8)

(9)

may be called the "envelope" function. For the simple ex-
ample

env(^) = Ae'"*

which is clearly the envelope of the decay and indicates damp-
ing (or stability). For a more general multi-degree-of-freedom
decay then env(Y) is the decay envelope, and will provide an
indication of the general stability of the system.

As an example, in Figs. 1-3 the y(i), yH(f), and env(Y) are
presented for a single degree-of-freedom system with a natural
frequency of 10 Hz and a damping of 1% critical; the data
were generated digitally. The envelope function is a simple
exponential decay as expected.

Now it may be argued that the envelope is easier to inspect
and absorb than the entire oscillatory decay, although the
envelope is more complicated for multi-degree-of-freedom
systems where "beating" occurs. Clearly one way of observing
the change in stability from one flight speed to another is to
overlay envelope functions from each speed for particular
transducers. A tendency for the envelope decay to be pro-
longed will probably indicate a decrease in damping.

One problem with simple overlaying of envelopes is that
the decays may have different overall amplitudes due to dif-

inPULSE RESPONSE

TinE(Secs)

Fig. 1 Single degree-of-freedom impulse response.

5 te
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Fig. 2 Single degree-of-freedom Hilbert transform.
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Fig. 3 Single degree-of-freedom envelope function.

ferent strength jerks. If y(t) were the time impulse response
function derived from the frequency response function Y(/o>)
rather than a control jerk response, then variability in exci-
tation levels would be accounted for, but the decay magni-
tudes could still change due to different aerodynamic effects.

III. Shape Parameters for the Decay Envelope
One possible solution to the problem of varying decay am-

plitudes is to consider changes in the shape of the envelope
function, irrespective of overall amplitude.

If the envelope is considered to enclose an area between
it and the time axis, then the properties of this area will
provide information about the shape of the envelope. A pro-
longing of the decay, as would happen for lower damping,
would be indicated by an increase in the distance of the cen-
troid of the area from the amplitude axis, or indeed by an
increase in the radius of gyration of the area about the am-
plitude axis.

Referring to Fig. 4, the time centroid may be defined as

= /Q d/

and the time radius of gyration by

-[r dt (11)

where tmax is the maximum value of time chosen to give an
upper bound to the enclosed area. This maximum value would
need to be the same for all tests for each given transducer.

Now, for the analytical single degree-of-freedom example
considered earlier

env(0 = Ae~vt.
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™<Secs>

Fig. 4 Envelope function.

and it can be shown that for tmax = <*> then

F! = (1/cr), t2 = (1.414/or)

where cr is the decay rate. The results are more involved for
'max < °°,

Since ^ and t2 will increase as damping decreases, it was
considered better to use the inverse of these values to give a
measure of the shape of the envelope. Experience has indi-
cated that the behavior of l/i2 as damping is reduced is not
as smooth as l/^ for finite tmax; also the radius of gyration will
tend to give larger weighting to the envelope data at large
values of t, where the signal-to-noise ratio for the envelope
will be poorer.

Thus, a shape parameter may be defined as

5 = (lit,) (12)

and a decrease in 5 will indicate a decrease in system damping.
For a single degree-of-freedom system, it may be shown that
when the damping becomes zero then 5 becomes 2/tmax, there-
fore giving a threshold for instability. However, for multi-
degree-of -freedom (DOF), the situation is less clear cut, and
a damping tending to zero will reduce S rapidly, but not to
the value 2/tmax because of the effect of other damped modes.
Extrapolation to a precise flutter speed will not usually be
possible; the envelope just provides a "quick look" tool which
may indicate whether damping has changed significantly since
the last test. Thus, 5 may be considered as a crude measure
of the overall system damping.

Note that an estimate for tlt and therefore 5, may be ob-
tained very quickly from the raw time data without any trans-
formation using

A t\y(t) | (13)

IV. Simple Binary Flutter Example
In order to illustrate the envelope approach, impulse re-

sponse data were generated for a two degree-of-freedom sys-
tem whose frequencies and dampings were modified so as to
match classical wing bending, torsion behavior.

The variation in damping with speed for the two modes is
shown in Fig. 5. The variation in the shape parameter S with
speed is shown in Fig. 6 for tmax = 10 s. Because the response
is dominated by the flutter mode at the flutter speed, the
condition of zero damping corresponds to S = 2/tmax = 0.2
as seen in the figure. Thus, the onset of the flutter condition
was seen without any curve fitting or assumption as to the
number of modes present.

V. Simulated Multiengined Aircraft Example
A mathematical model has been developed with the aim of

simulating the aeroelastic behavior of a multiengined trans-

.

I

Speed

Fig. 5 Two degree-of-freedom flutter example. Variation of damp-
ings with speed.

Speed 1

Fig. 6 Two degree-of-freedom flutter example. Variation of shape
parameter with speed.

ANTisrrmETRic
ALTITUDE 20000.0 FEET
20T

300' «00' 500'
SPEED KNOTS E.A.S.

Fig. 7 Simulated multiengined aircraft example. Variation of fre-
quencies with speed; antisymmetric.
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port aircraft with an artifically low flutter speed. Symmetric
or antisymmetric behavior may be considered, with about 20
modes in each model covering the range 0-20 Hz.

The variations in frequency and damping with speed for
the antisymmetric model at 20,000 ft altitude are shown in
Figs. 7 and 8. The flutter speed is 390 kt equivalent air speed
(EAS) and the flutter mode around 4 Hz.

The model was excited on the wing with a frequency sweep
from 2 to 20 Hz at 200, 250, 300, 350, 370, and 390 kt EAS,
and the acceleration responses, transfer functions and impulse
response functions obtained for the wing tip vertical and out-
board engine lateral transducers. A sample transfer function
and impulse response are presented in Figs. 9 and 10, re-
spectively, for acceleration data.

The Hilbert transform and envelope function were then
calculated, and the S evaluated for rmax = 10 s. A typical
envelope function is shown in Fig. 11; the complicated be-
havior with multiple modes means that the function is not
easy to interpret. Plots of shape parameter S( = l/i1) against
speed is shown for the wing tip transducer in Fig. 12. There
is a clear drop in the parameter as flutter is approached but
the actual flutter speed is not predicted; the "tool" simply
flags a warning that the stability is reducing or alternatively
indicates that nothing much has changed since the last speed.

The change in the envelope function is not very dramatic
for the acceleration data. This is because the response is dom-
inated by the higher frequency behavior and the lightly damped
low-frequency mode is not very evident. However, by dividing
the transfer function by (ia>) or (- o>2) it is possible to convert
the data to velocity or displacement form, respectively, thus
enhancing the lower frequency contribution to the response
as seen in Fig. 13 for displacement data. The corresponding

KEAS= 370.0 ANTISYfflETRIC
TRANSFER FUNCTION AT WING-TIP (V)

ANTISYmETRIC

ALTITUDE 20000.0 FEET

300 400 500
SPEED KNOTS E.A.S.

FREQUENCT ( H z )

Fig. 9 Acceleration transfer function for wing tip at 370 kt.

KEAS= 378.0 ANTISYN1ETRIC
X!8-i IMPULSE RESPONSE AT VING-TIP (V)
15-,

'TIME (Sees)

Fig. 10 Acceleration impulse response function for wing tip at
370 kt.

KEAS= 370.0 ANTISYdriETRIC
DECAY nODULUS AT WING-TIP (V)

Fig. 8 Simulated multiengined aircraft example. Variation of damp-
ings with speed; antisymmetric.

T l r t E ( S e c s )

Fig. 11 Envelope function for wing tip acceleration at 370 kt.

shape parameter variation for displacement data is shown in
Fig. 14. Note from the damping trends in Fig. 8 that no loss
of stability is anticipated until nearly 400 kt, and the shape
parameter plots in Figs. 12 and 14 both indicate flutter oc-
curring at this speed.

If the flutter had occurred at a high frequency, use of the
acceleration data would have been best. The stability over a
particular bandwidth could be assessed by using a bandpass
filter prior to calculation of the envelope function. Note that
when using displacement data, care will have to be taken with
rigid body responses, possibly using some form of high-pass
filter.
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Envelope Function vs Flight Speed - Acceleration Data
X10-1 Wing Tip (Vertical)

KEAS= 378.8 ANTlSTtmETRIC
IHPULSE RESPONSE AT V1NG-TIP (V)

Flight speed (kts)

Fig. 12 Variation of shape parameters with speed for wing tip ac-
celeration response.

KEAS= 378.8 ANTlSYfttTRIC
,,,-3 IHPULSE RESPONSE AT V1NG-T1P (V)
'5-,

Fig. 13 Displacement impulse response function for wing tip at
370 kt.

TIHE (Sees)

Fig. 15 Displacement impulse response function (plus turbulence) for
wing tip at 370 kt.

Envelope Function vs Flight Speed - Displacement Data
X10-l Vmg Tip (Vertical)

Fhght speed (kts) xie1

Fig. 16 Variation of shape parameter with speed for wing tip dis-
placement response (plus turbulence).

Envelope Function vs Flight Speed - Displacement Data
Wing Tip (Vertical) Envelope Function vs Flight Speed

Outboard Engine (Vertical)

Flight speed (kts)

Fig. 14 Variation of shape parameter with speed for wing tip dis-
placement response.

In practice, the envelope approach is most likely to be
spoiled by the effects of the response to atmospheric turbu-
lence on the decay data, and therefore, on the envelope func-
tion which would fluctuate due to the presence of noise. The
value of tmax would need to be chosen carefully since the
calculation of the centroid value ^ tends to weight the re-
sponse at higher values o_f time where the signal-to-noise ratio
is poorer; the effect on i2 would be more severe.

A preliminary assessment on the likely effects of turbulence
has been carried out by obtaining the response of the model
to random turbulence at the position of interest and adding
it to the noise-free data, therefore producing noise-corrupted
impulse response functions.

Acceleration
Velocity
Displacement

3! 32 33 31 35 36
Flight speed (kts) X101

Fig. 17 Variation of shape parameter with speed for outboard engine
(real flight data).

A typical noisy displacement response is shown in Fig. 15.
The noise is primarily at very low frequency because of the
a)2 filter effect. The variation in shape parameter is shown in
Fig. 16. When compared to the noise-free result in Fig. 14,
the parameter values are smaller at lower speeds where the
noise extends the envelope, but much the same at higher
speeds; this is because the peaks and troughs introduced by
the noise into the envelope tend to average out. The param-
eter curve is thus flatter, though the drop at flutter is still
evident. The effectiveness of the method clearly depends on
the level of noise and the value of £max; reducing tmax too much
tended also to flatten the shape parameter variation.

A possible way of reducing the effect of noise would be to
apply some exponential weighting to the envelope function



790 COOPER ET AL.: ENVELOPE FUNCTION

Envelope Function vs Flight Speed
Fin (Lateral)

Acceleration
Velocity
Displacement

31 32 33 31 35 36
Flight speed (kts) XI01

Fig. 18 Variation of shape parameter with speed for fin lateral (real
flight data).

for all transducers and at all speeds, prior to evaluating the
shape parameter. (Note that if using control jerk response
data, the position of t = 0 needs to be chosen consistently
throughout the sequence of flutter tests.)

VI. Application to Flight Test Data
The envelope approach was applied to aileron stick jerk

response data acquired from the flight test6 of the BAel46-
300 in which flutter clearance was primarily based on swept
sine excitation. Figures 17 and 18 show values of the envelope
function for acceleration, velocity, and displacement (the lat-
ter two obtained by division by ico in the frequency domain)
at two of the measurement stations for a number of airspeeds.
It can be seen that the stability of the response remains es-
sentially constant throughout the speed range.

Although there was a greater high-frequency turbulence
corruption on the acceleration envelope than that on the ve-
locity and displacement envelopes, no advantage seems to be
gained in calculating the envelope function for the other re-
sponses. It would thus appear that as long as the level of high-
frequency turbulence is not excessively high, then turbulence
does not seem detrimental to the use of the envelope function.

VII. Conclusions
A new tool for flutter clearance has been developed. It is

based on changes in the shape of the envelope, either for
control jerk response data or for impulse response functions
obtained by way of the transfer function. No curve-fitting or
extra testing is required, and an overall feel for change of
stability is obtained. Different strengths of pulse are allowed
for.

The tool is not intended to replace existing methods, but
rather to provide a quick indication of whether there has been
any significant change in stability since the previous test point.
Noise, as for all methods, makes the process less clear cut
and needs further investigation, as does the effect of a high-
frequency flutter. The method needs further evaluation on
real flight or tunnel data.
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